Abstract. The main theorem of Church-Ellenberg [CE] is a sharp bound on the homology of FImodules, showing that the Castelnuovo-Mumford regularity of FI-modules over Z can be bounded in terms of generators and relations. We give a new proof of this theorem, inspired by earlier proofs by Li-Yu and Li. This should be read after §2 of [CE], which contains all needed terminology and background. 1 Since S is exact,
The right-exact functors H 0 • D and S • H 0 from FI-Mod to FB-Mod are naturally isomorphic.
1 Since S is exact, [CE, Lemma 4.7] , we obtain for any W a two-row spectral sequence converging to SH * W . Setting K := L 1 D(W ), this two-row spectral sequence can be rewritten as the LES
Our argument follows the proof in Li [L] , which depends on Li-Yu [LY] (with ideas from Ramos [R] , Nagpal [N] , and ultimately Church-Ellenberg [CE] ), but we remove the dependence on those earlier results; in particular, the characterizations of filtered FI-modules obtained in those papers are not necessary. Instead, we deduce Theorem A from the long exact sequence (1).
Proof. We argue by induction on f 0 (W ). Set N := f 0 (W ) + f 1 (W ). In low degrees (1) becomes
From (2) and (3) we see that
Returning to (1) for p ≥ 2, we see the terms on either side of SH p W have degree bounded by N + (p − 1) and N + p − 2 respectively, so deg SH p W ≤ N − 1 + p. In other words, f p (W ) ≤ N as desired.
